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q-IDENTITIES AND AFFINIZED PROJECTIVE VARIETIES
II. FLAG VARIETIES
Peter Bouwknegt and Nick Halmagyi
Dedicated to the memory of Prof. H.S. Green
Abstract. In a previous paper we defined the concept of an affinized projective variety
and its associated Hilbert series. We computed the Hilbert series for varieties associated to
quadratic monomial ideals. In this paper we show how to apply these results to affinized
flag varieties. We discuss various examples and conjecture a correspondence between the
Hilbert series of an affinized flag variety and a modified Hall-Littlewood polynomial. We
briefly discuss the application of these results to quasi-particle character formulas for affine
Lie algebra modules.
1. Introduction
In a previous paper [Bo], one of us introduced the concept of an affinized projective
variety and the associated Hilbert series of its coordinate ring. It was shown how q-
identities naturally arise from different ways of computing this Hilbert series. This was
made explicit in the case of projective varieties defined by quadratic monomial ideals,
where, on the one hand, an explicit basis for the coordinate ring of the associated affinized
projective variety led to an expression of the Hilbert series, while, on the other hand,
an algorithm was described how to obtain an alternating sum formula (resembling an
‘affinization’ of Taylor’s resolution for monomial ideals) for the same Hilbert series.
In the present paper we will show how one can apply the results of [Bo] to compute
the Hilbert series of an affinized flag variety. The ideal that defines the coordinate ring
of a flag variety, albeit quadratic, is not a monomial ideal. We will show, however, how
one can in principle construct a projective variety defined by a quadratic monomial ideal
which has the same Hilbert series. This involves two ideas. The first is to consider the
(monomial) ideal of leading terms 〈LT(I)〉 instead of I. The second idea is to remove the
non-quadratic monomials by the addition of extra variables. We carry out this program
in several examples.
The Hilbert series of a flag variety based on a group G, as well as the Hilbert series of its
affinization, are naturally characters of LieG = g. In fact, upto a trivial factor, the Hilbert
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series of the affinized flag variety can be interpreted as a q-deformation of the character
of a tensor product of g-modules. One of the main results of this paper is a conjectured
correspondence between the Hilbert series of an affinized flag variety and another such
q-deformation, namely the modified Hall-Littlewood polynomial (or Milne polynomial).
Modified Hall-Littlewood polynomials are related in various ways to characters of affine
Lie algebras. Our results thus provide new, explicit, expressions for these characters. In
fact, this was the main motivation for this work. A relation between the characters of
affine Lie algebras and the geometry of infinite dimensional flag varieties was also pointed
out and explored in [FS1,FS2].
The affine Lie algebra characters are naturally obtained in what is known as the ‘Uni-
versal Chiral Partition Function’ (UCPF) form, which is conjectured to be a universal
form for the (chiral) characters of any two dimensional conformal field theory [BM], and
is closely related to a description of that conformal field theory in terms of quasi-particles.
The results of this paper further support the validity of this conjecture, at least in the
case of conformal field theories based on affine Lie algebras (WZW models). In a separate
paper [BCR] we will explore the results of this paper in connection with the exclusion
statistics (cf. [Ha,BS4,GS] and referencse therein) satisfied by these quasi-particles. The
example of so5, treated in detail in this paper, is particularly relevant with regards to
possible applications to the quasi-particles (‘non-abelian electrons’) in SO(5) superspin
regimes of strongly correlated electrons on a two-leg ladder [BS3].
This paper is organized as follows. In section 2 we recall the definition of the homo-
geneous coordinate ring of a (finite dimensional) flag variety and show how one can, in
principle, compute the ideal of quadratic relations. We illustrate this in a few examples.
In section 3 we introduce affinized flag varieties and outline a procedure to compute the
Hilbert series of such a variety. In section 4 we apply the procedure in a few examples,
namely, sln, n = 2, 3, 4, and so2n+1, n = 2, 3, and in section 5 we comment on the relation
between the Hilbert series of an affinized flag variety and modified Hall-Littlewood polyno-
mials as well as characters of integrable highest weight modules of affine Lie algebras. We
also comment on the application of our results to theories of quasi-particles, their exclusion
statistics and the UCPF.
Throughout this paper we will use the notation of [Bo].
2. Flag varieties
2.1. Generalities.
Most of the material in this section is quite standard. We refer to [FH,Fu] for detailed
expositions.
Let g be a (complex) finite dimensional simple Lie algebra of rank ℓ. Let {αi}ℓi=1 and
{Λi}ℓi=1 denote the simple roots and fundamental weights of g, respectively. Let L(Λi),
i = 1, . . . , ℓ, denote the finite dimensional irreducible representation of g with highest
weight Λi and dimension Di = dimL(Λi). For any g-module V , we denote by Sym
M V
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the symmetrized tensor product of M copies of V , and by Sym• V = ⊕M≥0SymM V the
symmetric algebra on V . The module
(2.1) SymM1L(Λ1)⊗ . . .⊗ SymMℓL(Λℓ) ,
is completely reducible, for any choice of Mi ≥ 0, and contains L(M1Λ1 + . . . +MℓΛℓ)
as a submodule. Upon introducing coordinates x
(i)
a , a = 1, . . . , Di, with respect to an
orthonormal basis v
(i)
a for each L(Λi), i = 1, . . . , ℓ, we can identify
S ∼= Sym• L(Λ1)⊗ . . .⊗ Sym• L(Λℓ) ,
S(M1,... ,Mℓ)
∼= SymM1L(Λ1)⊗ . . .⊗ SymMℓL(Λℓ) ,(2.2)
where S ≡ C[x(i)a ]i=1,... ,ℓa=1,... ,Di and S(M1,... ,Mℓ) denotes the subspace of polynomials in S, ho-
mogeneous of degreeMi in the {x(i)a }a=1,... ,Di . The Lie algebra g is realized on S(M1,... ,Mℓ)
in terms of linear differential operators. Note, furthermore,
(2.3) dimS(M1,... ,Mℓ) =
ℓ∏
i=1
(
Mi +Di − 1
Di − 1
)
.
Of course, the main problem is to give a concrete description for how the irreducible module
L(M1Λ1+ . . .+MℓΛℓ) is contained in S(M1,... ,Mℓ). The solution is remarkably simple. By
a theorem of Kostant (see, e.g., [LT]) we have that S, as a g-module, contains an ideal I
generated by quadratic relations such that
(2.4) L(M1Λ1 + . . .+MℓΛℓ) ∼= S(V )(M1,... ,Mℓ) ,
where S(V ) = S/I. Furthermore, it turns out that S(V ) is precisely the homogeneous
coordinate ring of the (complete) flag variety of g, i.e., the variety V = V(I), corresponding
to I ⊂ C[x(i)a ], is isomorphic toG/B whereG is the (complex) Lie group such that LieG = g
and B is a Borel subgroup of G. More generally, omitting some of the variables x
(i)
a for
certain i (or, equivalently, taking Mi = 0 for some i), corresponds to the homogeneous
coordinate ring of a partial flag variety G/P where P is a parabolic subgroup of G.
The ideal of quadratic relations I can be determined, in principle, by analyzing the
tensor products L(Λi)⊗ L(Λj) (see the examples in sections 2.2 and 2.3). It appears that
explicit results are known only for g = sln (or gln) and some low rank cases.
Besides the grading by the multi-degree M = (M1, . . . ,Mℓ), the S-module S(V ) is also
graded by the g-weight. Denote by S(V )(M;λ) the space of homogeneous polynomials in
S(V ) of multi-degree M and g-weight λ. The Hilbert function of S(V ) is then defined as
the (formal) g-character
(2.5) hV (M) =
∑
λ
dimS(V )(M;λ) e
λ ,
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or, by (2.4), as the character of the irreducible module L(M1Λ1 + . . .+MℓΛℓ).
As discussed in [Bo], the Hilbert function hV (M) can be computed either by construct-
ing an explicit basis for the module S(V ) or by applying the Euler-Poincare´ principle to a
free resolution of S(V )
(2.6) 0 −→ F (ν) dν−→ . . . d3−→ F (2) d2−→ F (1) d1−→ F (0) ∼= S −→ S(V ) −→ 0 ,
where the maps di intertwine with the action of g. Here, F
(j) = ⊕kS(−a(j)k ;−µ(j)k ) for some
set of vectors a
(j)
k = ((a
(j)
k )1, . . . , (a
(j)
k )ℓ) with positive integer coefficients, and integral
weights µ
(j)
k . In fact, because of the g structure, the weights µ
(j)
k nicely combine into
weights of g-modules, i.e., we can write F (j) = ⊕k(S(−a(j)k )⊗ V (j)k ) for some set of (finite
dimensional) g-modules V
(j)
k ). Furthermore, as in [Bo], for any moduleM we have denoted
byM(a;µ) the same module with multi-degree and weight shifted by a and µ, respectively.
Application of the Euler-Poincare´ principle to (2.6) yields the following alternating sum
formula for the character hV (M1, . . . ,Mℓ) of the irreducible module L(M1Λ1+ . . .+MℓΛℓ)
(2.7) hV (M1, . . . ,Mℓ) =
∑
j
(−1)j
∑
k
hS(M1 − (a(j)k )1, . . . ,Mℓ − (a(j)k )ℓ)χV (j)
k
,
where χV denotes the (formal) character of the g-module V and
(2.8) hS(M1, . . . ,Mℓ) =
∑
λ
dimS(M1,... ,Mℓ;λ)e
λ =
∑
∑
a
m
(i)
a =Mi
e
∑
i,a
m(i)a λ
(i)
a ,
denotes the character valued Hilbert function of S = C[x
(i)
a ]. The weights of L(Λi) are
denoted by λ
(i)
a , a = 1, . . . , Di.
The existence of a (finite) free resolution (2.6) is guaranteed by Hilbert’s syzygy theorem,
but explicit descriptions are known apparently only in special examples. Some examples
will be discussed in sections 2.2 and 2.3. Based on these and other examples we have
Conjecture 2.1. Consider the minimal resolution (2.6) of S(V ). Let ν be the length of
this resolution, D = dimG/B, ℓ = rank g and Di = dimL(Λi), then
i.
∑ℓ
i=1Di = D + ℓ+ ν
ii. The minimal resolution is symmetric under simultaneous interchange of S(a1, . . . , aℓ;µ)↔
S(2−D1 − a1, . . . , 2−Dℓ − aℓ;−µ) (or, equivalently, S(a1, . . . , aℓ)⊗ V ↔ S(2−D1 −
a1, . . . , 2−Dℓ − aℓ)⊗ V ∗, where V ∗ is the g-module contragredient to V ), and reversal
of all arrows.
In particular, since F (0) = S = S(0, . . . , 0; 0) it follows from ii. that F (ν) ∼= S(2 −
D1, . . . , 2−Dℓ; 0).
In the remainder of this section we will explicitly go through some examples in prepa-
ration for the affinization of this construction which will be discussed in sections 3 and
4.
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2.2. Example: sln.
Consider the Lie algebra An−1 ∼= sln of rank ℓ = n − 1. In terms of an overcomplete
basis {ǫi}ni=1 of Cn−1, satisfying
(2.9) (ǫi, ǫj) = δij − 1n ,
∑n
i=1 ǫi = 0 ,
the simple roots and fundamental weights of sln can be written as
(2.10) αi = ǫi − ǫi+1 , Λi = ǫ1 + . . .+ ǫi , i = 1, . . . , n− 1 .
The irreducible finite dimensional representation L(Λi), of dimensionDi =
(
n
i
)
, has weights
(2.11) ǫi1 + . . .+ ǫik , 1 ≤ i1 < . . . < ik ≤ n .
Let us denote the coordinate corresponding to the vector of weight ǫi1 + . . .+ǫik by xi1...ik .
For convenience we extend the definition of xi1...ik to arbitrary sequences 1 ≤ i1, . . . , ik ≤ n
by anti-symmetry, and raise and lower indices by means of the ǫ-tensor, i.e.,
(2.12) xi1...in−k = 1
k!
ǫi1...in−kj1...jkxj1...jk .
We have a realization of gln on S = C[xi1 , . . . , xi1...in−1 ] in terms of linear differential
operators, given by
(2.13) eij = xi
∂
∂xj
+
∑
k
xik
∂
∂xjk
+ . . .+
∑
k1<...<kn−2
xik1...kn−2
∂
∂xjk1...kn−2
.
That is, the operators (2.13) satisfy the defining relations of gln
(2.14) [eij , ekl] = δjkeil − δilekj .
Henceforth, we consider S as an sln-module. As argued before, the sln-module S(M1,... ,Mn−1)
contains L(Λ) ≡ L(M1Λ1 + . . . +Mn−1Λn−1) as a submodule. In particular, the highest
weight vector of L(Λ) is given by xM11 x
M2
12 . . . x
Mn−1
12...n−1.
It is well-known (see, e.g., [FH,Fu]) that the ideal I of quadratic relations is generated
by the polynomials {σj1...jn−l−1i2...ik | 1 ≤ k ≤ l < n}, where
(2.15) σ
j1...jn−l−1
i2...ik
= ǫi1k1...klj1...jn−l−1xi1i2...ikxk1k2...kl ,
Note that the invariant subspace of polynomials σ
j1...jn−l−1
i2...ik
, for fixed 1 ≤ k ≤ l < n, is
isomorphic to L(Λk−1)⊗ L(Λl+1) and will thus, in general, be reducible under sln.
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Remark 2.1. We briefly comment on the identification of the coordinate ring defined above
with that of a flag variety in the case of sln (see [Fu] for more details). Let E = C
n. Fix
a sequence n ≥ ds > . . . > d2 > d1 ≥ 0. The (partial) flag variety Fld1...ds(E) is the set of
flags
(2.16) {Es ⊂ . . . ⊂ E2 ⊂ E1 ⊂ E | codimEi = di, 1 ≤ i ≤ s} .
The group G = GL(E) = GL(n,C) acts transitively on Fld1...ds(E). Now, let {ei}ni=1
be a basis of E and let F (0) = {E(0)s ⊂ . . . ⊂ E(0)2 ⊂ E(0)1 ⊂ E} be the flag defined by
E
(0)
i = 〈edi+1, edi+2, . . . , en〉. Furthermore, let P be the parabolic subgroup of GL(E)
fixing the flag F (0), i.e.,
(2.17) P = {g ∈ GL(E) | g(Ei) ⊂ Ei, 1 ≤ i ≤ s} ,
then we can identify Fld1...ds(E) = G/P . Specifically, note that a matrix in P has invertible
matrices in blocks of sizes d1, d2−d1, . . . , ds−ds−1, n−ds down the diagonal, with arbitrary
entries below these blocks and vanishing entries above. For the complete flag variety
Fl1,2,... ,n(E) we have P = B where B is a Borel subgroup of G. We have a natural
embedding, the so-called Plu¨cker embedding,
(2.18) Fld1...ds(E) →֒ P(∧d1E)× . . .× P(∧dsE) .
Since
∧p
E has a basis ei1 ∧ . . . ∧ eip , we have a natural set of homogeneous coordinates
xi1...ip for P(
∧p
E). The relations (2.15) are precisely the “Plu¨cker relations” for the
embedding (2.18).
For sln the (minimal) resolution (2.6) of S(V ) = S/I does not seem to be known for
general n. We discuss some examples for small n.
2.2.1. sl2.
For sl2 we have a single fundamental representation L(Λ1) of dimension D1 = 2. More-
over, Sym2L(Λ1) ∼= L(2Λ1), so S = C[x1, x2] while the ideal I is trivial. We immediately
conclude that the character of the irreducible (spin-M/2) module L(MΛ1) is given by (cf.
(2.7))
(2.19) h(M) =
∑
m1+m2=M
em1ǫ1+m2ǫ2 =
∑
m1+m2=M
e(m1−m2)ǫ1 ,
as one may readily verify.
2.2.2. sl3.
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We have two fundamental representations L(Λi), i = 1, 2, of dimension D1 = D2 = 3,
hence S = C[xi, x
i]i=1,2,3. From
Sym2L(Λ1) ∼= L(2Λ1) ,
L(Λ1)⊗ L(Λ2) ∼= L(Λ1 + Λ2)⊕ L(0) ,
Sym2L(Λ2) ∼= L(2Λ2) ,(2.20)
it follows that I is generated by a single (sl3-singlet) generator σ. Explicitly,
(2.21) σ = xix
i = 1
2
ǫijkxixjk .
The resolution of S(V ) = S/I is obviously given by
(2.22) 0 −→ F (1) d1−→ F (0) −→ S/I −→ 0 ,
where F (1) ∼= S(−1,−1) and d1 : F (1) → F (0) is defined by
(2.23) d1 : e
(1) 7→ σ e(0) ,
where e(i) is the generator of F (i). See also Fig. 2.1.
F
(0)
S(0; 0)
F
(1)
d
1
6
S( 1; 1)
6
Fig. 2.1. Resolution of S(V ) for sl3
The resolution (2.22) leads to the following well-known expression for the character
hV (M1,M2) of the irreducible module L(M1Λ1 +M2Λ2)
(2.24) hV (M1,M2) = hS(M1,M2)− hS(M1 − 1,M2 − 1) ,
where
(2.25) hS(M1,M2) =
∑
m1+m2+m3=M1
m1+m2+m3=M2
e
∑
i
(mi−m
i)ǫi ,
denotes the Hilbert function of S.
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2.2.3. sl4.
For sl4 we have three fundamental representations of dimensions D1 = 4, D2 = 6 and
D3 = 4. The relations generating I ⊂ C[xi, xij, xijk] arise from the tensor products
L(Λ1)⊗ L(Λ3) ∼= L(Λ1 + Λ3)⊕ L(0) ,
Sym2L(Λ2) ∼= L(2Λ2)⊕ L(0) ,
L(Λ1)⊗ L(Λ2) ∼= L(Λ1 + Λ2)⊕ L(Λ3) ,
L(Λ2)⊗ L(Λ3) ∼= L(Λ2 + Λ3)⊕ L(Λ1) ,(2.26)
and are given by
σ = ǫijklxixjkl ,
σ¯ = ǫijklxijxkl ,
σi = ǫijklxjxkl ,
σi = ǫ
jklmxijkxlm .(2.27)
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Fig. 2.2. Resolution of S(V ) for sl4.
The resolution of S(V ) = S/I is depicted in Fig. 2.2. We refrain from giving the explicit
maps which are easily worked out from the shifts in degrees indicated in the figure. Also,
we have used the notation S(a, b)V = S(a, b) ⊗ V for an sl4 module V . Note that the
resolution in is complete agreement with Conjecture 2.1.
2.3. Example: so2n+1.
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Consider the Lie algebra Bn ∼= so2n+1 of rank ℓ = n. Let {ǫi}ni=1 be an orthonormal
basis of Cn. The simple roots and fundamental weights of so2n+1 can be written as
αi = ǫi − ǫi+1 , Λi = ǫ1 + . . .+ ǫi , i = 1, . . . , n− 1 ,
αn = ǫn , Λn =
1
2(ǫ1 + . . .+ ǫn) .(2.28)
The irreducible finite dimensional representations L(Λi) of so2n+1 have dimension
Di =
(
2n+ 1
i
)
, i = 1, . . . , n− 1 ,
Dn = 2
n .(2.29)
For simplicity, we only consider here the representations L(Λ1) and L(Λn), i.e., the vector
and the spinor representation, respectively. The weights of L(Λ1) are
(2.30) {ǫ1, ǫ2, . . . , ǫn, 0,−ǫn, . . . ,−ǫ1} ,
with corresponding coordinates {xi} = {x1, . . . , xn, x0, xn¯, . . . , x1¯}, while the weights of
L(Λn) are
(2.31) { 12 (±ǫ1 ± ǫ2 ± . . .± ǫn)} ,
with corresponding coordinates {xα} = {x±±...±}. The explicit realization of so2n+1 on
Sym•L(λ1)⊗ Sym•L(Λn) ∼= C[xi, xα] is easily constructed (see section 2.3.1 for so5). The
relevant tensor products are
Sym2L(Λ1) ∼= L(2Λ1)⊕ L(0) ,
L(Λ1)⊗ L(Λn) ∼= L(Λ1 + Λn)⊕ L(Λn) ,
Sym2L(Λn) ∼= L(2Λn)⊕
( n−1⊕
k=1
restrictions
L(Λk)
)
,(2.32)
where, in the last tensor product, the sum is over those k such that k ≡ nmod4 or
k ≡ (n+ 1)mod4. The first two of these lead to quadratic relations of the form
(2.33) σ = gijxixj , σα = (γ
i)α
βxixβ ,
for some matrix gij and some set of γ-matrices γi, while the last leads to relations depend-
ing on the specific value of n. The realization of so2n+1 can be chosen in such a way that
the matrices satisfy the properties
(2.34) {γi, γj} = 2gij = δi¯ , (γi)αβ = (γ ı¯)βα .
In addition, it is possible to define a charge conjugation matrix Cαβ , so that if spinor
indices are raised and lowered by means of Cαβ and its inverse, e.g., xα = Cαβxβ , then
we have the additional symmetry property
(2.35) (γi)αβ = −(γi)βα .
In the next subsection we discuss the case so5 in somewhat more detail.
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2.3.1. so5.
Consider the Lie algebra so5. As discussed, we introduce variables {xi} = {x1, x2, x0, x2¯, x1¯}
and {xα} = {x++, x+−, x−+, x−−} corresponding to the two fundamental representations
L(Λi), i = 1, 2, of dimensions D1 = 5 and D2 = 4.
The realization for the Chevalley generators of so5 on S ≡ C[xi, xα] can be chosen as
e1 = x1
∂
∂x2
− x2¯
∂
∂x1¯
− x+− ∂
∂x−+
,
e2 =
√
2
(
x2
∂
∂x0
− x0 ∂
∂x2¯
)
−
(
x++
∂
∂x+−
− x−+ ∂
∂x−−
)
,
h1 = x1
∂
∂x1
− x1¯
∂
∂x1¯
− x2 ∂
∂x2
+ x2¯
∂
∂x2¯
+ x+−
∂
∂x+−
− x−+ ∂
∂x−+
,
h2 = 2
(
x2
∂
∂x2
− x2¯
∂
∂x2¯
)
+
(
x++
∂
∂x++
+ x−+
∂
∂x−+
− x+− ∂
∂x+−
− x−− ∂
∂x−−
)
,
f1 = x2
∂
∂x1
− x1¯
∂
∂x2¯
− x−+ ∂
∂x+−
,
f2 =
√
2
(
x0
∂
∂x2
− x2¯
∂
∂x0
)
−
(
x+−
∂
∂x++
− x−− ∂
∂x−+
)
.
(2.36)
In this realization one finds the following explicit expressions for the metric gij (cf. (2.33))
(2.37) gij = 12δ
i¯ ,
the γ-matrices (γi)α
β
γ1 = τ+ ⊗ τ3 , γ 1¯ = τ− ⊗ τ3 ,
γ2 = τ+ ⊗ τ+ , γ 2¯ = τ− ⊗ τ− ,
γ0 =
√
1
2
τ3 ⊗ τ3 ,(2.38)
and the charge conjugation matrix Cαβ
(2.39) C = τ1 ⊗ iτ2 ,
where τ± = 1
2
(τ1 ± iτ2), and the τ i, i = 1, 2, 3, are the standard Pauli matrices acting on
the two-component coordinates x±± (see also section 4.4 for more explicit expressions).
Note that in the case of so5, the third tensor product in (2.32) does not produce any
additional relations, so we conclude that the ideal of quadratic relations, defining the
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homogeneous coordinate ring S(V ) of the (complete) flag variety for so5, is generated by
σ and σα of (2.33).
Now consider the following sequence of homomorphisms (see also Fig. 2.3)
(2.40) 0 −→ F (3) d3−→ F (2) d2−→ F (1) d1−→ F (0) −→ S/I −→ 0 ,
where
F (0) ∼= S(0, 0)1 ,
F (1) ∼= S(−1,−1)4 ⊕ S(−2, 0)1 ,
F (2) ∼= S(−1,−2)1 ⊕ S(−2,−1)4 ,
F (3) ∼= S(−3,−2)1 ,(2.41)
The homomorphisms di are defined by
d1 : F
(1) → F (0) : e(1)α 7→ σα e(0) ,
e(1) 7→ −σ e(0) ,
d2 : F
(2) → F (1) : e(2) 7→ xα e(1)α ,
e(2)α 7→ xα e(1) − (γi)αβxi e(1)β ,
d3 : F
(3) → F (2) : e(3) 7→ σ e(2) + σα e(2)α ,(2.42)
where σ and σα are given in (2.33), and where e
(i)
a denotes the generator of an S(a, b)V
component of F (i).
Using the properties (2.34) and (2.35) it is straightforward to verify that (2.40) defines
a complex of so5 modules. In fact, it is not too hard to show that it actually provides a
resolution of S(V ) = S/I.
F
(0)
S(0; 0)
1
 
 
 
 
  I@
@
@
@
@
F
(1)
d
1
6
S( 1; 1)
4
S( 2; 0)
1
YH
H
H
H
H
H
H
H
H
H
H
F
(2)
d
2
6
S( 1; 2)
1
6
S( 2; 1)
4
6
I@
@
@
@
@  
 
 
 
 
F
(3)
d
3
6
S( 3; 2)
1
1
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Fig. 2.3. Resolution of S(V ) for so5
Applying the Euler-Poincare´ principle to the resolution (2.40) we find an explicit formula
for the character hV (M1,M2) of L(M1Λ1 +M2Λ2), in particular, with (2.3),
dimL(M1Λ1 +M2Λ2) =
(
M1 + 4
4
)(
M2 + 3
3
)
− 4
(
M1 + 3
4
)(
M2 + 2
3
)
−
(
M1 + 2
4
)(
M2 + 3
3
)
+
(
M1 + 3
4
)(
M2 + 1
3
)
+ 4
(
M1 + 2
4
)(
M2 + 2
3
)
−
(
M1 + 1
4
)(
M2 + 1
3
)
.(2.43)
3. Affinized flag varieties and q-identities
In [Bo] we introduced the concept of an affinized projective variety. Consider a projective
variety V , defined by an ideal I = I(V ) ⊂ C[x1, . . . , xn], generated by a set of homogeneous
elements fi, i = 1, . . . , t. The affinized projective variety V̂ is the infinite dimensional
projective variety defined by the ideal Î = I(V̂ ) generated by the relations fi[m], i =
1, . . . , t, m ∈ Z≥0, in Ŝ = C[x1[m], . . . , xn[m]]m∈Z≥0 , where the generators fi[m] of Î are
obtained from fi by replacing all monomials xi1 . . . xir in fi by
(3.1) (xi1 . . . xir)[m] =
∑
ni1
,... ,nir
≥0
ni1
+...+nir
=m
xi1 [n1] . . . xir [nir ] .
The homogeneous coordinate ring S(V̂ ) of the affinized projective variety V̂ is graded both
by the multi-degree inherited from the underlying projective variety V as wel as the energy
m, i.e.,
(3.2) deg(xi[m]) = (deg(xi);m) .
In the context of flag varieties, we have an additional grading corresponding to the g-
weight λ. Denoting by S(V̂ )(M;N ;λ) the vector space of homogeneous polynomials f of
multi-degree (M;N) and weight λ in S(V̂ ), the (partial) Hilbert series of V̂ is defined as
the (formal) g-character
(3.3) hV̂ (M; q) =
∑
N≥0 ,λ
dimS(V̂ )(M;N ;λ) q
N eλ .
The main result of [Bo] was the explicit computation of the (partial) Hilbert series
hV̂ (M; q) for the coordinate ring of an affinized projective variety associated to a quadratic
monomial ideal I ⊂ S ≡ C[x1, . . . , xn]. If I = 〈xixj〉(i,j)∈P ⊂ S for some set P of (ordered)
14 PETER BOUWKNEGT AND NICK HALMAGYI
pairs (i, j), i < j, with i, j ∈ {1, . . . , n}, and M = (M1, . . . ,Mn) is the multi-degree where
Mi denotes the number of xi in a monomial, it was found that (see [Bo], section 4.1)
(3.4) hV̂ (M; q) =
q
∑
(i,j)∈P MiMj
(q)M1 . . . (q)Mn
.
In [Bo] we also gave an algorithm to compute an alternating sum expression for hV̂ (M; q)
based on Taylor’s resolution of S/I. This algorithm is based on the identity
(3.5)
qM1M2
(q)M1(q)M2
=
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m(q)M1−m(q)M2−m
,
discovered and proved in [BS1,BS2] and shown to be related to the coordinate ring of the
affinized projective variety associated to the ideal I = 〈x1x2〉 ⊂ C[x1, x2] in [Bo].
Remark 3.1. The identity (3.5), as well as its ‘inverse’ (see [BS2])
(3.6)
1
(q)M1(q)M2
=
∑
m≥0
q(M1−m)(M2−m)
(q)m(q)M1−m(q)M2−m
,
are intimately related to, in fact can be used to prove, the five-term identity for Rogers’
dilogarithm [BCR].
In the remainder of this section we will explain how the results of [Bo], summarized
above, can be used to compute the Hilbert series of affinized flag varieties.
As we have seen in section 2, the ideal that defines flag varieties, albeit quadratic, is
not a monomial ideal. However, for the purpose of calculating the Hilbert series, we can
replace I by the ideal of leading terms 〈LT(I)〉 with respect to any ordering on S. Indeed,
(cf. Ch. 9.3, Prop. 9 in [CLO1])
(3.7) hS/I(M; q) = hS/〈LT(I)〉(M; q) .
We recall that 〈LT(I)〉 is the ideal generated by the leading terms LT(f) for all f ∈ I.
The ideal 〈LT(I)〉 is finitely generated (by Hilbert’s basis theorem) and a set of gener-
ators is given by LT(gi), i = 1, . . . , s, where {gi}si=1 is a Gro¨bnerbasis for I (see, e.g.,
[CLO1,CLO2]).
Unfortunately, by computing the Hilbert series by means of 〈LT(I)〉 we give up the
manifest g symmetry, since S/〈LT(I)〉 is no longer a g-module. In examples we will see
that the explicit g-structure of the Hilbert series can be restored by successive application
of (3.5).
Remark 3.2. In fact, note that the passing from I to 〈LT(I)〉 is reminiscent of taking the
crystal limit of Uq(g) modules. It would be interesting to explore this connection further.
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More seriously, while 〈LT(I)〉 is a monomial ideal, it is in general no longer quadratic
(with the exception of sl3, see section 4.2). However, non-quadratic monomial ideals may
be transformed into quadratic monomial ideals by introducing additional variables. Having
achieved this, we can then apply the results of [Bo] and derive an explicit expression for
the Hilbert series hV̂ (M; q) of the affinized flag varieties V̂ .
Let us illustrate in an example how the introduction of additional variables solves the
problem above. Consider I = 〈x1x2 . . . xn〉 ⊂ C[x1, . . . , xn]. Clearly, for n ≥ 3,
(3.8) C[x1, . . . , xn]/I ∼= C[x1, . . . , xn, t1, . . . , tn−2]/I˜ ,
where
(3.9) I˜ = 〈t1 − x1x2, t2 − t1x3, . . . , tn−2 − tn−3xn−1, tn−2xn〉 .
The isomorphism (3.8) is multi-degree preserving provided we assign
(3.10) deg(ti) = (1, 1, . . . , 1︸ ︷︷ ︸
i+1
, 0, . . . , 0) .
With respect to the lexicographic ordering defined by
(3.11) x1 > x2 > . . . > xn > t1 > . . . > tn−2 ,
we find
(3.12) 〈LT(I˜)〉 = 〈x1x2, t1x3, . . . , tn−2xn〉 ,
which happens to be a quadratic monomial ideal. Thus, we can apply the results from
[Bo] and conclude that for the corresponding affinized variety V̂ we have
(3.13) hV̂ (M; q) =
∑
m1,... ,mn−2≥0
qQ∏n
i=1(q)Mi−∆Mi
,
where the quadratic form Q is given by
Q = (M1 − (m1 + . . .+mn−2))(M2 − (m1 + . . .+mn−2))
+m1(M3 − (m2 + . . .+mn−2)) + . . .+mn−2Mn ,(3.14)
and
∆M1 = m1 + . . .+mn−2 ,
∆M2 = m1 + . . .+mn−2 ,
∆M3 = m2 + . . .+mn−2 ,
... =
...
∆Mn−1 = mn−2 ,
∆Mn = 0 .(3.15)
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Note, moreover, that by repeated application of (3.5) and (3.6), eqn. (3.13) can be written
as
(3.16) hV̂ (M ; q) =
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m
1
(q)M1−m . . . (q)Mn−m
.
This identity turns out to play an important role in the spinon description of (ŝln)k=1
modules [BS1,BS2,BCR].
The above example illustrates that, for the purpose of computing the Hilbert series,
non-quadratic monomial ideals can always be reduced to quadratic monomial ideals by
the introduction of additional variables. For further examples we refer to section 4.
4. Examples
In this section we will explicitly compute the (partial) Hilbert series for the affinized
flag varieties of sln, n = 2, 3, 4, and so2n+1, n = 2, 3.
4.1. sl2.
Recall from section 2.2.1 that the coordinate ring of the flag variety V for sl2 is isomor-
phic to S = C[x1, x2], i.e., the ideal of quadratic relations is trivial. Hence, the Hilbert
series of the affinized variety V̂ is simply given by
(4.1) hV̂ (M ; q) =
∑
m1+m2=M
1
(q)m1(q)m2
em1ǫ1+m2ǫ2 ,
which can obviously be interpreted as an ‘affinization’ of equation (2.19).
4.2. sl3.
The coordinate ring of the flag variety V for sl3 is given by S(V ) = S/I with S =
C[xi, xı¯]i=1,2,3, and I = 〈x1x1¯+x2x2¯+x3x3¯〉 (cf. section 2.2.2 where we used the notation
xi = xı¯). With respect to the lexicographic ordering defined by
(4.2) x1 > x2 > x3 > x1¯ > x2¯ > x3¯ ,
we obviously have
(4.3) 〈LT(I)〉 = 〈x1x1¯〉 .
Thus, we can immediately apply our result for quadratic monomial ideals and conclude
that the partial Hilbert series of the affinization V̂ is given by
(4.4) hV̂ (M1,M2; q) =
∑
m1+m2+m3=M1
m1¯+m2¯+m3¯=M2
qm1m1¯∏
i(q)mi(q)mı¯
e
∑
i(mi−mı¯)ǫi .
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As discussed in section 3, in order to use our results for quadratic monomial ideals, we
have had to pass from I to 〈LT(I)〉, thereby breaking the manifest sl3 symmetry. The
result (4.4), however, can be written as an explicit sl3 character by using (3.5), i.e.,
(4.5) hV̂ (M1,M2; q) =
∑
m1+m2+m3+m=M1
m1¯+m2¯+m3¯+m=M2
(−1)m q
1
2m(m−1)
(q)m
1∏
i(q)mi(q)mı¯
e
∑
i
(mi−mı¯)ǫi ,
or, as
(4.6) hV̂ (M1,M2; q) =
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m
h
Ŝ
(M1 −m,M2 −m; q) ,
where
(4.7) h
Ŝ
(M1,M2; q) =
∑
m1+m2+m3=M1
m1¯+m2¯+m3¯=M2
1∏
i(q)mi(q)mı¯
e
∑
i(mi−mı¯)ǫi ,
denotes the Hilbert series of the affinization of the coordinate ring S = C[xi, xı¯]. Clearly,
(4.7) has to be interpretated as the Hilbert series obtained by applying the Euler-Poincare´
principle to an affinization of the resolution (2.22). In this case the affinization of the
resolution is easily constructed and yields a Koszul complex (cf. [Bo]).
4.3. sl4.
The coordinate ring for the flag variety of sl4 is given by I ⊂ C[xi, xij , xijk] = S where
the generators of I are explicitly given in section 2.2.3. With respect to the lexicographic
ordering on S defined by
x1 > x2 > x3 > x4 >
x12 > x13 > x14 > x23 > x24 > x34 >
x123 > x124 > x134 > x234 ,(4.8)
we find
〈LT(I)〉 = 〈x1x23, x1x24, x1x34, x1x234, x2x34, x2x13x24, x12x34,
x12x134, x12x234, x13x234, x13x24x134, x14x234〉 .(4.9)
Note that in this case the ideal of leading terms 〈LT(I)〉 is not a quadratic monomial
ideal. We can however apply the trick discussed in section 3 and introduce and additional
variable
(4.10) t = x13x24 ,
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of multi-degree deg(t) = (0, 2, 0) and vanishing sl4-weight. Indeed,
(4.11) C[xi, xij, xijk]/〈LT(I)〉 ∼= C[xi, xij , xijk, t]/I˜ ,
where
I˜ = 〈x1x23, x1x24, x1x34, x1x234, x2x34, x2t, x12x34,
x12x134, x12x234, x13x234, tx134, x14x234, t− x13x24〉 .(4.12)
Extending the lexicographic ordering on S defined by (4.8) to S˜ = C[xi, xij, xijk, t] by
(4.13) x1 > . . . > x234 > t ,
we can now pass to the ideal of leading terms of I˜. We find
〈LT(I˜)〉 = 〈x1x23, x1x24, x1x34, x1x234, x1t, x2x34, x2t, x12x34,
x12x134, x12x234, x13x24, x13x234, x14x234, x134t, x234t〉 .(4.14)
Thus, 〈LT(I˜)〉 is a quadratic monomial ideal, and we are finally in a position to apply the
results of [Bo]. We find
hV̂ (M1,M2,M3; q) =
∑
∑
mi=M1∑
mij+2m=M2∑
mijk=M3
qQ
(q)m
∏
i(q)mi
∏
i<j(q)mij
∏
i<j<k(q)mijk
× e
∑
miǫi+
∑
mij(ǫi+ǫj)+
∑
mijk(ǫi+ǫj+ǫk) ,(4.15)
with quadratic form
Q = m1(m23 +m24 +m34 +m234 +m) +m2(m34 +m) +m12m34
+m13m24 +m134(m12 +m) +m234(m12 +m13 +m14 +m) .(4.16)
As in section 4.2 we may now attempt to rewrite (4.15) as a manifest sl4 character by
successively applying (3.5) according to the algorithm outlined in [Bo]. One would expect
that the result can be written in a form that can be interpreted as arising from a properly
affinized version of the resolution of Fig. 2.2. We have not succeeded in carrying out this
program in all generality, but partial results (relevant to the applications discussed in
[BS4]) are easily obtained, e.g., (cf. (4.6))
(4.17) hV̂ (M1, 0,M3; q) =
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m
h
Ŝ
(M1 −m, 0,M3 −m; q) ,
where
(4.18) h
Ŝ
(M1, 0,M3; q) =
∑
∑
mi=M1∑
mijk=M3
1∏
i(q)mi
∏
i<j<k(q)mijk
e
∑
i
miǫi+
∑
mijkǫijk ,
denotes the Hilbert series of the affinization of the coordinate ring S = C[xi, xijk]. The
result (4.18) generalizes in an obvious way to sln.
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4.4. so5.
For so5 we need to consider I ⊂ C[xi, xα] = S where I = 〈σ, σα〉 is given in section
2.3.1. Explicitly,
σ = x1x1¯ + x2x2¯ +
1
2x0x0 ,
σ++ = x1x−+ +
√
1
2
x0x++ + x2x+− ,
σ+− = −x1x−− −
√
1
2x0x+− + x2¯x++ ,
σ−+ = x2x−− −
√
1
2x0x−+ + x1¯x++ ,
σ−− = x2¯x−+ +
√
1
2x0x−− − x1¯x+− .(4.19)
The (minimal) Gro¨bnerbasis with respect to the lexicographic ordering on S defined by
(4.20) x1 > x2 > x0 > x2¯ > x1¯ > x++ > x+− > x−+ > x−− ,
is given by {σ, σα, τ} where
τ = −
√
1
2x0x1¯x++ − x2x1¯x+− + 12x0x0x−+ + x2x2¯x−+
= σx−+ − x1¯σ++ .(4.21)
The monomial ideal 〈LT(I)〉 generated by the leading terms in I is therefore given by
(4.22) 〈LT(I)〉 = 〈x1x1¯, x1x−+, x1x−−, x2x2¯x−+, x2x−−, x0x−−〉 .
Again, to apply the results of [Bo], we need to introduce one additional variable t = x2x2¯,
of multi-degree deg(t) = (2, 0) and vanishing so5 weight. Then
(4.23) C[xi, xα]/〈LT(I)〉 ∼= C[xi, xα, t]/I˜ ,
with
(4.24) I˜ = 〈x1x1¯, x1x−+, x1x−−, x2x−−, x0x−−, t− x2x2¯, tx−+〉 .
Extending the lexicographic ordering on S defined by (4.20) to S˜ = C[xi, xα, t] by
(4.25) x1 > x2 > x0 > x2¯ > x1¯ > x++ > x+− > x−+ > x−− > t ,
we obtain
(4.26) 〈LT(I˜)〉 = 〈x1x1¯, x1x−+, x1x−−, x2x2¯, x2x−−, x0x−−, x−+t, x−−t〉 ,
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which is a quadratic monomial ideal. Thus, we conclude that the Hilbert series of the
coordinate ring of the affinized flag variety of so5 is given by
(4.27) hV̂ (M1,M2; q) =
∑
∑
mi+2m=M1∑
mα=M2
qQ∏
i(q)mi
∏
α(q)mα(q)m
e
∑
miλi+
∑
mαλα ,
where
(4.28) Q = m1(m1¯ +m−+ +m−−) +m2(m2¯ +m−−) +m0m−− +m(m−+ +m−−) ,
and {λi} and {λα} denote the weights of the representations L(Λ1) and L(Λ2), respectively
(see section 2.3).
Again, in principle one could proceed to write (4.27) as a manifest so5 character by
successive application of (3.5). We have not been able to carry this out in all generality,
but the following partial results can be proved
hV̂ (0,M2; q) = hŜ(0,M2; q) ,
hV̂ (M1, 0; q) =
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m
h
Ŝ
(M1 − 2m, 0; q) ,
hV̂ (M1, 1; q) =
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m
h
Ŝ
(M1 − 2m, 1; q)
−
∑
m≥0
(−1)m q
1
2m(m+1)
(q)m(q)1
h
Ŝ
(M1 − 2m− 1, 0; q)χ4
+
∑
m≥0
(−1)m q
1
2m(m+1)
(q)m(q)1
h
Ŝ
(M1 − 2m− 2, 0; q)χ4 ,(4.29)
where
(4.30) h
Ŝ
(M1,M2; q) =
∑
∑
mi=M1∑
mα=M2
1∏
i(q)mi
∏
α(q)mα
e
∑
miλi+
∑
mαλα ,
denotes the Hilbert series of the affinization of S = C[xi, xα]. The third equation can
be simplified, but we have left it in this form to elucidate its origin as arising from an
‘affinization’ of the resolution (2.40) (see also Fig. 2.3).
4.5. so7.
For so7 we only quote the result for the coordinate ring of the partial flag variety dis-
cussed in section 2.3. The procedure is as before, so we will only give the main intermediate
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steps that lead to the Hilbert series. We use the notation of section 2.3. With respect to
the lexicographic ordering defined by
x1 > x2 > x3 > x0 > x3¯ > x2¯ > x1¯ >
x+++ > x++−x+−+ > x−++ > x+−− > x−+− > x−−+ > x−−− ,(4.31)
we have
〈LT(I)〉 = 〈x1x1¯, x+++x−−−, x1x−++, x1x−+−, x1x−−+, x1x−−−, x2x−−+,
x2x−−−, x3x−−−, x0x−−−, x2x2¯x−++, x2x2¯x−+−, x2x+−+x−+−,
x3x3¯x−−+, x3x++−x−−+, x0x++−x−−+, x3x3¯x+−+x−+−〉 .(4.32)
To transform this back into a quadratic monomial ideal we need to introduce four additional
variables for which one can take
t1 = x++−x−−+ , t2 = x+−+x−+− ,
t3 = x3x3¯ , t4 = x2x2¯ .(4.33)
Obviously, the variables (4.33) all have vanishing so7-weight and multi-degrees
deg(t1) = deg(t2) = (0, 0, 2) ,
deg(t3) = deg(t4) = (2, 0, 0) .(4.34)
We have
(4.35) C[xi, xα]/〈LT(I)〉 ∼= C[xi, xα, t1, t2, t3, t4]/I˜ ,
where
I˜ = 〈x1x1¯, x+++x−−−, x1x−++, x1x−+−, x1x−−+, x1x−−−, x2x−−+, x2x−−−,
x3x−−−, x0x−−−, t1 − x++−x−−+, t2 − x+−+x−+−, t3 − x3x3¯,
t4 − x2x2¯, t1x3, t1x0, t2x2, t3x−−+, t2t3, t4x−+−, t4x−−+〉 .(4.36)
Extending the ordering defined by (4.31) by
(4.37) x1 > . . . > x−−− > t1 > t2 > t3 > t4 ,
we find
〈LT(I˜)〉 = 〈x1x1¯, x1x−++, x1x−+−, x1x−−+, x1x−−−, x1t1, x1t2,
x2x2¯, x2x−−+, x2x−−−, x2t1, x2t2,
x3x3¯, x3x−−−, x3t1, x0x−−−, x0t1,
x+++x−−−, x++−x−−+, x+−+x−+−,
x−++t4, x−+−t4, x−−+t3, x−−+t4, x−−−t3, x−−−t4,
t1t3, t1t4, t2t3, t2t4〉 .(4.38)
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Thus, the result for the Hilbert series is
hV̂ (M1, 0,M3; q) =
∑
∑
mi+2p3+2p4=M1∑
mα+2p1+2p2=M3
qQ∏
i(q)mi
∏
α(q)mα
∏
j(q)pj
× e
∑
miλi+
∑
mαλα ,(4.39)
with
Q = m1(m1¯ +m−++ +m−+− +m−−+ +m−−− + p1 + p2)
+m2(m2¯ +m−−+ +m−−− + p1 + p2)
+m3(m3¯ +m−−− + p1) +m0(m−−− + p1)
+m+++m−−− +m++−m−−+ +m+−+m−+−
+ (m−++ +m−+−)p4 + (m−−+ +m−−−)(p3 + p4)
+ (p1 + p2)(p3 + p4) .(4.40)
As in (4.29) we can write the character (4.39) as a manifest so7 character in the following
cases
hV̂ (0, 0,M3; q) =
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m
h
Ŝ
(0, 0,M3 − 2m; q) ,
hV̂ (M1, 0, 0; q) =
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m
h
Ŝ
(M1 − 2m, 0, 0; q) ,
hV̂ (M1, 0, 1; q) =
∑
m≥0
(−1)m q
1
2m(m−1)
(q)m
h
Ŝ
(M1 − 2m, 0, 1; q)
−
∑
m≥0
(−1)m q
1
2m(m+1)
(q)m(q)1
h
Ŝ
(M1 − 2m− 1, 0, 0; q)χ8
+
∑
m≥0
(−1)m q
1
2m(m+1)
(q)m(q)1
h
Ŝ
(M1 − 2m− 2, 0, 0; q)χ8 ,(4.41)
where
(4.42) h
Ŝ
(M1, 0,M3; q) =
∑
∑
mi=M1∑
mα=M3
1∏
i(q)mi
∏
α(q)mα
e
∑
miλi+
∑
mαλα ,
denotes the Hilbert series of the affinization of S = C[xi, xα]. The second and third of these
identities have an obvious generalization to so2n+1, while the generalization of the first will
be more involved due to additional relations arising from the tensor product Sym2L(Λn)
(see (2.32)).
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5. Relation to modified Hall-Littlewood
polynomials and affine Lie algebra characters
By construction, P (M; q) ≡
(∏ℓ
i=1(q)Mi
)
hV̂ (M; q) is a g-character valued polynomial
in q such that
(5.1) lim
q→1
P (M; q) = χM1Λ1 . . . χ
Mℓ
Λℓ
.
In other words, P (M; q) is a q-deformation of the character of the tensor product L(Λ1)
⊗M1⊗
. . .⊗L(Λℓ)⊗Mℓ . A natural q-deformation, that shows up in many contexts, is the so-called
modified Hall-Littlewood polynomial (see [Ki1,Ki2] for reviews and recent results). For a
general finite dimensional simple Lie algebra g of rank ℓ, it can be defined as follows [KR].
Let Λi, αi and α
∨
i (i = 1, . . . , ℓ) be the fundamental weights, simple roots and simple co-
roots, respectively. For any pair of dominant integral weights λ, µ, define the polynomial
Mλµ(q) by
(5.2) Mλµ(q) =
∑
m
qc˜(m)
ℓ∏
i=1
∞∏
a=1
[
P
(i)
a (m) +m
(i)
a
m
(i)
a
]
,
where the sum is taken over all nonnegative integers m
(i)
a (i = 1, . . . , ℓ, a = 1, 2, . . . ), such
that
(5.3) µ− λ =
ℓ∑
i=1
(
∞∑
a=1
am(i)a
)
αi .
Moreover,
(5.4) P (i)a (m) = (µ, α
∨
i )−
ℓ∑
j=1
∞∑
b=1
Φijabm
(j)
b ,
where
(5.5) Φijab =
2(αi, αj)
αi2αj2
min(aαi
2, bαj
2) ,
and c˜(m) is the cocharge
(5.6) c˜(m) = 1
2
ℓ∑
i,j=1
∞∑
a,b=1
m(i)a Φ
ij
abm
(j)
b .
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For sln, the polynomials (5.2) are related to the Kostka-Foulkes polynomials Kλµ(q) in a
simple way (see, e.g., [Ki1]).
For λ dominant integral, let χλ denote the character of the finite dimensional irreducible
g-module L(λ). Then, for dominant integral weight λ, the modified Hall-Littlewood poly-
nomial Mλ(q) is defined as the character valued polynomial
(5.7) Mλ(q) =
∑
µ
Mµλ(q)χµ .
It has the property that for q = 1 it equals the character of the tensor product module
WM11 ⊗ . . .⊗WMℓℓ , where Mi = (λ, α∨i ), and where Wi denotes the “minimal affinization”
of L(Λi), i.e., the minimal irreducible module of the quantum affine algebra Uq(ĝ) (or
Yangian Y (g)) such that L(Λi) ⊂ Wi [KR]. It is therefore natural to make the following
conjecture
Conjecture 5.1. Let λ = M1Λ1 + . . . + MℓΛℓ, where Mi ≥ 0 for those i such that
Wi ∼= L(Λi) (as a g-module) and Mi = 0 for the remaining i. Then
(5.8) Mλ(q) =
(
ℓ∏
i=1
(q)Mi
)
hV̂ (M1, . . . ,Mℓ; q) .
Note that the condition Wi ∼= L(Λi) is satisfied for all i in the case of sln, and for
i = 1, n, for so2n+1, i.e., for all the examples discussed in this paper. We have checked
Conjecture 5.1 numerically to high order for the examples in section 4 and have a proof
in special cases for which other concise formulas for Mλ(q) are known (see, in particular,
[Ki1]). Special cases of this conjecture have also appeared in [BS4]. A general proof would
clearly require a better understanding of the geometry of affinized flag varieties. It is
conceivable that the conjecture can be lifted to all possible choices of Mi by repeating the
analysis of this paper to the affinized coordinate ring of a variety defined by an ideal in
C[x
(i)
a ] where the coordinates now correspond to a basis of the Uq(ĝ)-module Wi, rather
than L(Λi).
A different, but possibly related, relation between modified Hall-Littlewood polynomials
and the geometry of flag varieties was observed in [HS,Sh] (see also [Ki2]).
The results of this paper can also be used to obtain explicit quasi-particle type expres-
sions for the characters of the integrable highest weight modules of affine Lie algebras ĝ,
in particular of ŝln and ŝo5 in view of our results in section 4. These characters can be
written as [NY2,Ya,HKKOTY]
(5.9) chλ(q) =
∑
µ=M1Λ1+...+MℓΛℓ
1∏ℓ
i=1(q)Mi
M
(k)
λµ (q)Mµ(q) ,
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where λ is the highest weight of the integrable ĝ-module and M
(k)
λµ (q) a certain ‘level-k
restriction’ of the polynomials (5.2) (see [BMS,DKKMM,Ki1,HKKOTY], and references
therein, for explicit expressions in the case of sln, and [BS4] for so5). In fact, by using
(5.9), the characters obtained this way will be of the “Universal Chiral Partition Function”
(UCPF) form which was recently argued to be a universal expression for the (chiral)
characters of any conformal field theory [BM]. This form reads
(5.10) chλ(q) =
∑
m1,... ,mn≥0
restrictions
q
1
2m·G·m−
1
2A·m
∏
a
[
((1−G) ·m+ u2 )a
ma
]
,
where G is an n × n matrix and A and u are certain n-vectors. Both A and u as well
as the restrictions on the summations over the quasi-particle numbers ma will in general
depend on the sector λ, while G will be independent of λ.
Another interesting connection of modified Hall-Littlewood polynomials to affine Lie
algebra characters was observed (and proved in special cases), in [Ki1,NY1,KMOTU,
KKN,HKKOTY,BS4] for sln and in [BS4] for son. It turns out that these characters
can often be obtained from Mλ(q
−1) in a ‘large λ-limit’, i.e., in a limit where one of the
Dynkin indices of λ tends to infinity while the others are kept fixed. This observation
is intimately related to taking the TBA limit in the integrable spin chain underlying the
definition of Mλ(q) [KR].
The connection of affinized projective varieties with quasi-particles in conformal field
theory, which in fact motivated this research, arises as follows. Quasi-particles in confor-
mal field theory correspond to intertwiners (‘Chiral Vertex Operators’ or CVOs) between
modules of the Chiral Algebra. The degrees of freedom in these CVOs can be separated,
at least heuristically, in terms of pseudo-particles that generate the collection of possible
‘fusion paths’ for the CVOs (i.e., the sequence of modules between which the CVOs inter-
twine) and physical particles whose degrees of freedom can be interpreted as the coordinate
ring of an affinized projective variety; the ideal corresponds precisely to the null-states in
the physical quasi-particle Fock space. [In (5.10) pseudo-particles correspond to ua < ∞
while physical particles have ua = ∞.] This paper thus gives an effective technique to
compute the contribution of the physical particles to the conformal field theory characters.
It is hoped that similar techniques may be applied to extract the pseudo-particle contribu-
tion. We refer to [BCR] for a more detailed exposition of this connection, a more explicit
discussion of the UCPF form of the various affine Lie algebra characters and an application
to the exclusion statistics satisfied by these quasi-particles. The results of [BCR] can be
taken as further evidence for the correctness of Conjecture 5.1.
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